This paper develops a model of liquidity provision in financial markets by adapting the Madhavan, Richardson, and Roomans (1997) price formation model to realistic order books with quote discretization and liquidity rebates. We postulate that liquidity providers observe a fundamental price which is continuous, efficient, and can assume values outside the interval spanned by the best quotes. We confirm the predictions of our price formation model with extensive empirical tests on large high-frequency datasets of 100 liquid Nasdaq stocks. Finally we use the model to propose an estimator of the fundamental price based on the rebate adjusted volume imbalance at the best quotes and we empirically show that it outperforms other simpler estimators.
Introduction
We say that a market price is efficient if it unambiguously reflects all available information, is arbitrage-free, and unpredictable. But different types of microstructural frictions prevent the observed price to freely reflect the efficient price. Among these, the price discretization implemented in most modern markets plays a major role. As a result there is no reason to expect that either best quote, or the mid-price (their average), coincide with an efficient fundamental market price.
Efficient price dynamics are somewhat paradoxical because many other financial time series display long memory: A striking example is the auto-correlation of the transaction signs [Hasbrouck and Ho, 1987 , Biais et al., 1995 , Bouchaud et al., 2004 , Farmer and Lillo, 2004 . A central endeavour in market microstructure is to reconcile the predictability of trade signs with price efficiency, i.e. to uncover the adequate price formation process. Following Glosten and Milgrom [1985] , Madhavan et al. [1997] (henceforth MRR) developed a simple theory of price formation: Prices are impacted proportionally to the innovation in the transaction history (order flow). This alone removes all price predictibility when transaction signs are correlated. Included in their theory is Glosten and Milgrom [1985] 's assumption that market makers avoid ex-post regrets by setting a finite spread. Accordingly, the theory yields relationships between price impact, trade sign correlations, and the bid-ask spread.
Because MRR's model disregards the role of price discretization it is not a priori clear that MRR's predicted relationships between market variables hold also for large tick stocks 1 . Hitherto, only some of these predictions have been empirically assessed in the literature. We perform here the first systematic test of MRR's general relationships and explicitly study how the tick size affects their performance. Although MRR's model assumed quotes and prices to be continuous we find that some of the predicted relationships between market variables are surprisingly accurate also when the tick is large and discretization plays, a priori, an important role.
More specifically, in this paper we shall argue that MRR's original idea can be adapted to large tick stocks by postulating the existence of an underlying efficient continuous market price. From this assumption we derive price formation equations for large tick stocks which reproduce, on average, the classical MRR relations. Our framework also predicts that price discretization becomes in fact important for second order price statistics (i.e. covariances and correlations). Thus, our model of liquidity provision explains how relationships between quantities depending linearly on the price hold regardless of the price discretization, whereas the tick size heavily influences quantities depending quadratically on the price.
In our model, limit order queues deplete when the fundamental price moves outside a certain interval around the mid price. We find that the length of this characteristic interval is typically larger than one tick and the mid-price dynamics are characterised by an interesting "stickiness". We show that this behaviour can be entirely explained by the existing rebate structure offered by the exchange to liquidity providers.
Our framework provides a straightforward way to reconcile the assumption of an efficient fundamental price with the inherent properties of financial markets. Whereas many empirical studies have focused on market dynamics on ultra high frequency time scales, little attention has been paid to the spatial dimension of price dynamics in modern financial markets. Because most liquidity provision in financial markets is nowadays channelled through high frequency market makers, important aspects of the market quality are naturally related to the properties of price changes on the smallest temporal and spatial scales. Our work develops an important step towards a unified theory of price formation and liquidity provision in small and large tick order books. Our point of view differs significantly from the perspective taken in some of the previous literature on the subject, too. We believe that our empirical observations suggest that price changes are mostly gouverned by strategic considerations of liquidity providers who agree on a hidden fundamental price. For example, we observe that a queue depletion at the best entails with a high probability a permanent price change. Order book models with purely stochastic dynamics, so called "zero intelligence models", are not capable of reproducing this simple fact, unless they benefit from additional assumptions.
In large tick stocks the volumes at the best quotes contain a significant amount of information about the direction of the market [Gould and Bonart, 2015] . The second part of our paper hence proceeds by defining an approximate fundamental price in large tick stocks by using the squares of the available volumes at the best bid and ask. This proxy can take continuous values within and beyond the region spanned by the bid and ask. We argue that this quantity performs better, as a proxy of the fundamental price, than generalized linearly volume weighted prices previously discussed in the literature. We assess the performance of our proxy by showing that (i) it incorporates to a large extent the information conveyed by the state of the order book, (ii) it behaves very much as the fundamental price, in that it follows approximately the MRR price formation rule. Having this proxy at hand allows us to reach further than much of the previous price formation literature, in that we can filter out exogeneous public information shocks from the fundamental price dynamics, and study their effects on the future order flow. An interesting empirical finding of the second part of this paper is that the sign of the next trade is positively correlated with the exogeneous information shocks. Tick sizes are not expected to decrease in the near future, since regulation authorities express their explicit desire to "prevent a race to the bottom"[Gouvernment Office for Science, 2015] . European regulation agencies currently aim to establish a pan-European tick size regime "to prevent the use of the tick size as a competition tool" [MiFID II Wholesale Firms Conference, 2015] within the MiFID 2 . The introduction of MiFID II requires that standardized tick size bands, which depend on the valuation of the regulated security, must be adopted across Europe. In the United States, the SEC announced in a press release on May 6 2015 that it "approved a proposal [...] for a two-year pilot program that would widen the minimum quoting and trading increments...", i.e. the tick size, for stocks of some smaller companies [Securities and Exchange Commission, 2015] . This reflects a general mood inclined towards freezing the tick sizes or even increasing them. Such opinion of regulation agencies is supported by some academic research, although no clear consensus seems to have emerged [Biais et al., 2005] . To summarize, we expect that the problem studied in this paper will have a relatively high longeveity and continue to be a challenge to regulators and market participants over a reasonably long term future. This paper is structured as follows: In Sec. 2 we disucss the relevant literature. Sec. 3 reviews the functioning of limit order books. Sec. 4 presents the empirical datasets used in this study. We analyse the empirical implications of the MRR price formation model in Sec. 5. Sec. 6.1 discusses the efficiency of the mid price in large tick LOBs and the role of liquidity rebates. Sec. 6 presents our generalization of the MRR model to large tick LOBs. We analyse first order and second order price statistics in small and large tick LOBs. A proxy of the fundamental price is developped in Sec. 7. Finally, in Sec. 8 we draw some conclusions.
Literature review
The MRR model proposed a price formation process which accomodates the strong serial correlations of the trade signs [Hasbrouck and Ho, 1987 , Biais et al., 1995 , Bouchaud et al., 2004 , Farmer and Lillo, 2004 , Toth et al., 2015 with the very weak auto-correlation of price returns. The MRR price formation model heavily relies on the theory of market making developed in Glosten and Milgrom [1985] . In recent years, Glosten and Milgrom [1985] 's work was significantly refined, for example in Wyart et al. [2008] , Bouchaud et al. [2009] . However, despite the considerable recent effort in this field, no convincing theory for large tick stocks has emerged so far. History dependent impact was discussed again in Farmer and Lillo [2004] , Farmer et al. [2006] . The expressions "asymmetric/adaptive liquidity provision" emerged to account for the impact asymmetry as a function of the order sign predictor [Taranto et al., 2014 ]. MRR's transaction dependent price formation model was merged with this framework in Bouchaud et al. [2009] , albeit with some reluctance to use the concept of a "fundamental price".
In the econometrics literature the discrepancy between the efficient price and the quoted price is called market microstructural noise. The past literature mostly addressed the problem of filtering the market microstructural noise to uncover underlying quantities, such as feedback reactions between market participants [Bacry et al., 2013] , fundamental price jumps [Lee and Mykland, 2015] , the volatility [Andersen et al., 2011 , Bandi and Russel, 2008 , Ghysels and Sinko, 2011 , Jacod et al., 2009 , and the influence of the tick size on the noise [Large, 2011, Curato and . Ball and Chordia [2001] discussed the influence of the tick size on the adverse selection component of bid-ask spreads. Robert and Rosenbaum [2011] , Huang et al. [2013] proposed an explicit method to reconstruct an efficient price from discrete high frequency data. Some aspects of our paper superficially resemble their work, in that we also propose a method to reconstruct a fundamental price from high frequency LOB data. However, in contrast to the method exposed in Robert and Rosenbaum [2011] we shall achieve the reconstruction by using the best quotes and the displayed volumes in the LOB. Robert and Rosenbaum [2011] use only the previous return and an ad-hoc quantity "η" to infer an efficient price. The parameter η corresponds to the excess width of "uncertainty regions" where the efficient price is undefined. While this leads to mid price stickiness similar to what we observe in our model, we do not believe that the characteristic intervals around the mid-price reflect any uncertainty of liquidity providers about the fundamental price. Rather, we suggest that market making can be profitable even when the distance between the fundamental price and the mid price is larger than a half tick because of market making rebates offered by the exchanges; volumes are therefore not immediately cancelled when the fundamental price moves outside the interval between the bid and the ask, and the mid price becomes sticky. We follow here Harris [2013] who discusses the consequences on market making and taking rebates/fees on the quote setting in limit order markets. Finally, Jaisson [2015] developed a model in which a fundamental price emerges as a consequence of a fair pricing condition for market makers.
Alternatives to MRR's price formation theory emerged, as well. Bouchaud et al. [2004] introduced the "propagator model" postulating a transient impact which was independent of the transaction history. Whereas Bouchaud et al. [2009] showed that the transaction dependent propagator model was equivalent to the MRR theory, the multi event propagator model [Eisler et al., 2012] truly differs from the MRR framework [Taranto et al., 2016a] . The propagator model is an alternative to the MRR theory in that it completely lacks the notion of a fundamental price.
Most classical price formation models, including the MRR framework and Bouchaud et al. [2004] 's propagator model, have in common that they take the exogeneity of the order flow for granted. Our paper calculates explicitly the correlation between a public information shock and the future trade sign in large tick order books. Therefore, our work contributes significantly to the understanding of the interplay between liquidity provision and consumption in financial markets. Superficially, this aspect of our study resembles Hasbrouck [1991] 's vector regression model of price returns and order flow and its recent generalization to large tick stocks [Taranto et al., 2016b] . While we are able to infer directly the correlation between trade and public information shocks by using the proxy of the fundamental price, Hasbrouck [1991] performs an regression on price returns and order flow omitting the effect of public information shocks.
Description of the order book mechanism
Most modern financial markets operate limit order books (LOBs), where financial institutions interact via the submission of orders. A buy order (sell order) is a commitment to buy (sell, respectively) a maximum quantity of the asset for a price no larger than its limit price (no smaller than its limit price, respectively). Whenever an institution submits a buy (sell) order, the LOB's trade-matching algorithms checks whether its order can be matched against previously submitted but still unmatched sell (buy) orders. In this case an immediate transactions occurs. If the order cannot be matched it remains active in the LOB until it is matched against a future incoming sell order or cancelled by its owner. Orders that do not match upon arrival are called limit orders. Orders that match upon arrival are called market orders.
For a given LOB, the bid price b t is the highest price among active buy orders at time t. Similarly, the ask price a t is the lowest price among active sell orders at time t. The bid and ask prices are collectively known as the best quotes. Their difference s t = a t − b t is called the bid-ask spread, and their mean x t = (a t + b t )/2 is called the mid price. LOBs enforce a minimum price increment which is called the tick size. Hence, institutions must choose prices of their orders which are integer multiples of the tick size specified by the platform. Because LOBs implement a tick size τ > 0, it is common for several different limit orders to reside at the same price at a given time. A trade-matching algorithms therefore needs a secondary rule to decide which limit order among limit orders at the same price is executed first. To determine the queueing priority for orders at a given price, most exchanges implement a price-time priority rule. That is, for buy (respectively, sell) limit orders, priority is given to the limit orders with the highest (respectively, lowest) price, and ties are broken by selecting the limit order with the earliest submission time. LOBs with price-time priority resembles in many respects a queueing system, where limit orders have a rank and wait for execution. Figure 1 shows a schematic of an LOB at some instant in time, illustrating the definitions in this section.
The rules that govern order matching also dictate how prices evolve through time. Prices changes can occur for the following reason: The remaining volume at the best queue can be cancelled by its owner, or it can be executed by an incoming market order. Finally, if s t > τ a buy or a sell limit order can be submitted inside the spread. In either case, the mid price changes by a certain mutiple of τ /2. Both liquidity providers and liquidity consumers 3 can therefore change the price in a LOB. When the tick size is small, the effects of the discretization are weak and can often be neglected. When the tick size is large, the effects of the discretization are important and constrain the price dynamics. For example, the spread of large tick LOBs is usually locked and equal to the allowed minimum of one tick, whereas the spread of small tick LOBs is usually a large multiple of τ . Because price fluctuations are proportional to the price itself, not the bare tick size itself but the ratio τ /x t determines whether an asset is a large or small tick. We call this ratio the relative tick sizeτ .
Finally, market participants pay fees to the exchange when they trade in a LOB. Some exchanges (e.g. Nasdaq) also offer rebates to liquidity providers: Owners of limit orders receive a negative fee (i.e. credit) from the exchange upon the execution of their orders as a reward for liquidity provision.
Data
In our empirical investigation we use a pool of 100 highly liquid stocks traded on Nasdaq during the whole year 2015. The data that we study originates from the LOBSTER database [Limit Order Book System: The Efficient Reconstructor], which lists all market order arrivals, limit order arrivals, and cancellations that occur on the Nasdaq platform during the normal trading hours of 09:30 to 16:00 on each trading day. Trading does not occur on weekends or public holidays, so we exclude these days from our analysis. We also exclude market activity during the first and last hour of each trading day, to remove any abnormal trading behaviour that can occur shortly after the opening auction or shortly before the closing auction.
On the Nasdaq platform, each stock is traded in a separate LOB with price-time priority, with a tick size of τ = $0.01. Although this tick size is the same for all stocks on the platform, the prices of different stocks vary across several orders of magnitude (from about $1 to more than $1000). Therefore, the relative tick size similarly varies considerably across different stocks. The bid-ask spread of large tick LOBs is typically close to one tick (its minimum possible value). In this paper we define large tick stocks by the condition E[s t ] < 0.013$ = 1.3τ , with E[s t ] the observed time averaged bid-ask spread. Conversely, the bid-ask spread of small tick LOBs is typically a large multiple of the tick. In this paper we define small tick stocks by the condition E[s t ] > 0.04$ = 4τ . All other stocks are called medium tick stocks.
Nasdaq imposes fees of approximately 0.003$ per share on liquidity takers and offers rebates of approximately 0.003$ per share to liquidity providers [Order Execution and Routing section of the NASDAQ Rule Book].
The LOBSTER data has many important benefits that make it particularly suitable for our study. First, the data is recorded directly at the Nasdaq servers. Therefore, we avoid the many difficulties associated with data sets that are recorded by third-party providers, such as misaligned time stamps or incorrectly ordered events. Second, each market order arrival listed in the data contains an explicit identifier for the limit order to which it matches. This enables us to perform one-to-one matching between market and limit orders, without the need to apply inference algorithms for this purpose, which can produce noisy and inaccurate results. Third, each limit order described in the data constitutes a firm commitment to trade. Therefore, our results reflect the market dynamics for real trading opportunities, not "indicative" declarations of possible intent. In table 5 we provide summary statistics of each stock in the pool.
Transaction history dependent price formation
Price formation describes the process whereby information, liquidity, and the order flow impact the market price. The price impact mechanism cannot be trivial: It is a very well known empirical fact that the order flow is highly correlated [Hasbrouck and Ho, 1987, Biais et al., 1995] 4 whereas the resulting mid prices are (nearly) uncorrelated.
Madvahan et al. Madhavan et al. [1997] developed a simple structural model of price formation. They postulated the existence of a fundamental price 5 p t of the stock. t denotes the transaction time, i.e. p t is the fundamental price immediately before the t-th trade. If a transaction at time t is buyer initiated, it is assigned the indicator t = 1, while if it is seller-initiated it is assigned the indicator t = −1. MRR further assumed that the revision in beliefs about p t is positively correlated with the innovation in the order flow. Formally, this can be written as
is the expected transaction sign at t given the public information up to t. Public information enters the market through the past trading history { t−1 , t−2 , · · · } and the shocks {W t−1 , W t−2 , · · · } which describe public informaton derived from external news 6 . We assume that W t is a white noise with zero mean which is uncorrelated with the past transaction history 7 . Private information enters Eq. (1) through the term
Because the information on the past order flow is public, the information content of a trade can only depend on its unexpected part t −ˆ t . By construction, this price formation mechanism ensures price efficiency, E t−1 [p t+1 ] = p t , regardless the correlations of { t }.
Market makers share a common belief about p t and set ask and bid quotes. Following Glosten and Milgrom [1985] they seek to avoid ex-post regrets. In a competitive market, the bid and ask are therefore
which ensure a zero average gain for the market maker 8 . Accordingly, the LOB's mid-price and spread are
Because market makers need to anticipate the impact of the future market order, the mid price at t is not equal to p t . More specifically, its evolution equation reads
MMR studied this evolution equation and compared the implied spread to actually observed spreads. In their conclusion, they pointed out that price discreteness was a serious limitation to the applicability of their model. Surprisingly, this has been hitherto taken for granted in the market microstructure literature. Moreover, confusion arised later whether Eq.
(1) described a fundamental price or the observed mid-price [Bouchaud et al., 2009] , since the consequences are manifestly different. Hence, the empirical implications of the evolution equation (7) have not been fully analysed in the literature. Our goal is therefore to transform Eq. (7) into easily observable quantities. We first note that the response function of a transaction, defined as [Bouchaud et al., 2004 ]
is related to the correlations in the order flow according to
We exploited the fact that by definition E t [ˆ t+ − t+ ] = 0 and defined the auto-correlation function of the trade signs
Both C( ) and R( ) are easily measurable on empirical data. A testable parameter-free prediction of the MRR model 9 is that
6 MRR originally assumed thatˆ t only depended on t−1. We consider a more general case in this paper as in Lillo, 2004, Taranto et al., 2014] .
7 The future trade signs can be correlated with Wt because market participants might adapt their trading strategy to the observed price dynamics. We revert back to this problem in Sec. 6.2.
8 Zero average gain is the idealized state of perfect competition. In reality, market makers need to set slightly larger bid-ask spread to achieve a minimum profit, albeit this profit is arguably very low.
9 The following equation does not appear in the original MRR paper, but it is mentioned in Wyart et al. [2008] . Table 1 : Empirical test of the relation (11) of the MRR model for Sirius XM Holdings, the stock with the largest relative tick in our dataset, and Microsoft Corp., the most liquid large tick stock in our dataset.
The results of this empirical test are displayed in Fig. 2 . Our dataset reproduces the relationship (11) accurately over three orders of magnitude. This is highly surprising, as it contains both small and large tick stocks, and price discretization implies that the equations for x t and s t (Eqs. (5)- (6)) cannot be exact. Yet, Eq. (11) holds also for large tick stocks. Even the stock with the largest relative tick in our dataset, Sirius XM Holdings, satisfies Eq. (11) approximately, see table 1.
In the following we show with minimal assumptions why the testable MRR predictions (11) are correct also on large ticks. Our framework will show that while Eq. (7) is certainly incorrect as it stands, a very similar version remains true on average.
Price formation in large tick stocks
We postulate the existence of a fundamental price which takes continuous values and satisfies the MRR equation (1). When the tick size is large, the best bid and ask are separated by one tick: a t − b t = τ . Eqs. (4) and (3) are now incorrect because they do not account for price discretization.
In large tick LOBs the mid price changes when limit order queues at the best deplete. We assume that liquidity providers own volume at the best quotes as long as it is marginally profitable, i.e. as long as its expected execution price is equal to the fundamental price immediately after the transaction, adjusted for the liquidity rebate. A limit order at the best remains profitable as long as
where r > 0 is the market making rebate per share offered by the exchange, p t + G[−1 −ˆ t ] is the expected fundamental price after the execution of the buy limit order at b t , and p t + G[1 −ˆ t ] is the expected fundamental price after the execution of the sell limit order at a t . Nasdaq offers rebates for liquidity providers of approximately 0.003$ per share which ensures that a limit order at the best can be profitable to its owner even when the fundamental price is outside the interval (b t , a t ). We confirm this prediction empirically in Sec. 6.1 by showing that both the impact of an extreme volume imbalance and the impact of a queue depletion on the mid price is approximately equal to the rebate adjusted half spread. Price discretization prevents MRR's dynamic equation for x t , Eq. (7), to be correct, but we can show that it is still true on average. We assume that the distribution of p t within the characteristic interval is symmetric with respect to its center. In this case the expected fundamental price, given the mid price, is according to Eq. (12), equal to the average of the edges of the characteristic interval around x t : 
circle=R (2); right triangle=R(3); left triangle=R(4); square=R(5); pentagon=R(10)
Figure 2: Emprirical test of the prediction (11) of the MRR model on a pool of 100 large, medium and small tick stocks. Each cloud of points, consisting of a circle (rescaled R(2)), a right triangle (rescaled R(3)), a left triangle (rescaled R(4)), a square (rescaled R(5)), and a pentagon (rescaled R(10)) corresponds to a single stock, averaged over the year 2015. Red clouds depict large tick stocks (which we define by E[s t ] < 0.013$), yellow clouds correspond to medium tick stocks (which we define by 0.013$ < E[s t ] < 0.04$, and blue clouds correspond to small tick stocks (which we define by E[s t ] > 0.04$). The black dotted line (y = x) is a guide to the eye.
We can apply the conditional expectation to the above relation, given the past until t ≤ t, and average over x t . This is particularly useful, since Eq. (1) implies that
This allows us to express the return of the mid price in terms of known quantities:
Note that t ≤ t is arbitrary. Therefore, we can sum up this equation to obtain
We can now proceed by calculating the response function of a transaction,
This is exactly the MRR relation (9), which we have so successfully tested on empirical data. Because MRR assumed a continuous price scale, it was not clear why its predictions turned out to be true for large tick LOBs as well. Whereas price discretization implies that the MRR equation (7) is incorrect as it stands, our Eq. (14) demontrates that it nevertheless holds true on average: Relationships between quantities which depend linearly on the mid price are thus not affected by the tick size. In Sec. 6.2 however we introduce the auto-covariance function of mid price returns. Because the autocovariance depends quadratically on the mid price, the mathematical expectation in Eq. (14) leads to results which are very different from what the orginal MRR Eq. (7) predicts.
Volume imbalance at the best and mid price dynamics
If we accept that a fundamental price should reflect publicly available information, then it is easy to show empirically that the mid price cannot be the efficient fundamental price. Define the volume imbalance
where V a (t) and V b (t) denote the available volumes at the ask and bid price. This volume imbalance has attracted some attention in the recent literature [Gould and Bonart, 2015 , Huang et al., 2015 . The quantity ι can be interpreted as the pressure that liquidity providers put on the price, in that when ι > 0, more limit orders have been submitted and not canceled at the buy side, and prices are expected to go up. When ι < 0, more limit orders have been submitted at the sell side and prices are expected to go down. We can confirm this intuition quantitatively by considering the price impact of an imbalance, namely
which is the expected price change after transactions given that an imbalance ι has been observed at t. If x t was efficient all price predictors constructed with public data would have zero impact: In particular, the response function conditioned on the queue imbalance ι would vanish, R( |ι) = 0. This is however in stark contrast with empirical observations: Fig. 3 shows R( |ι) as a function of for different intervals of values of ι. As soon as ι = 0 the subsequent expected price change is non zero. Interestingly, for large |ι| the expected absolute price change exceeds a half tick. We also find empirically that R(∞|ι = 1) = −R(∞|ι = −1) is approximately equal to the average absolute impact of a queue depletion on the midprice, denoted by r ∞ (t), in agreement with intuition, see table 2.
The existence of (at least) one price predictor ι which can have an impact larger than τ /2 suggests that the true underlying price can be outside the region spanned by b t and a t because E[p t+ |ι(t)] = p t irrespective Figure 3: The symmetrized impact of an imbalance on x t for Microsoft and |ι| contained in 10 equidistant bins; |ι| ∈ [0.1 × k, 0.1 × (k + 1)), for k = 0, 1, · · · , 9. k increases from the bottom to the top line.
of ι(t) by construction and E[x ∞ |p t ] = p t . Therefore, the absolute permanent impact of a queue depletion at t is given by
with p t + the post-trade fundamental price and x t the pre-trade mid price. Note that r ∞ (t) can be larger than a half tick. Nasdaq offers rebates for liquidity providers of approximately 0.003$ per share. The average permanent impact of a queue depletion is thus
In Table 2 we compare the impact of queue depletion to the half tick adjusted by the market making rebate.
In conclusion, since r ∞ is in general larger than τ /2, the fundamental price can lie outside the interval (b t , a t ). The mid-price is therefore "sticky": It remains constant as long as p t is within a certain interval around x t . Because these characteristic intervals reside on the price scale with periodicity τ , but overlap for different x t , the mid price x t can take two different values for the same p t , depending on the past dynamics of p t (see Robert and Rosenbaum [2011] for a similar observation in the context of high-frequency econometrics).
Covariance of returns
We have shown that the mid price is not efficient in large tick LOBs because it does not incorporate the information conveyed by the volume imbalance. When the tick size is small, the volume imbalance loses its predictive power [Gould and Bonart, 2015] . A direct way of assessing the efficiency of the mid price in small tick LOBs is to consider the empirical covariance function of mid price returns
The mid price is not efficient, neither in small tick nor in large tick LOBs, because we observe that the covariance function of lag one is in most cases negative, i.e. the mid price mean reverts after a non-zero return. In this section we show that MRR's relation (7) allows us to forecast the covariance of mid price returns for small tick stocks. But the mathematical expectation in the corresponding equation (14) of our model for large ticks prevents us from forecasting the covariance of mid price returns in large tick stocks and we shall explicitly observe this empirically.
The continuous price MRR's model can be easily adapted to finite liquidity rebates. When market makers earn rebates they avoid ex-post regrets by setting quotes according to a t = p t + G[1 −ˆ t ] − r and b t = p t + [−1 −ˆ t ] + r. Yet, the mid price x t = 1 2 [b t + a t ] is unaffected by r and we can use Eq. (7) to calculate
It is important to realize that we do not assume that the future order flow is uncorrelated with W t 10 . In fact, it is intuitively clear that market participants react to past returns. Order flow and price dynamics are therefore connected through a feedback loop,as shown empirically in [Hasbrouck, 1991] and more recently with a different approach in [Taranto et al., 2016a,b] . Despite this difficulty it is possible to obtain a non-parametric prediction of the covariance of mid price returns. We define the trade sign shifted response function as
R k ( ) 11 is easily measurable on empirical data. Surprisingly, by using the MRR equation (7) it is possible to express the covariance of mid price returns entirely in terms of trade sign shifted response functions:
This relation is a subtle test of Eq. (7) in that it is valid irrespective the correlations of the price dynamics (i.e. the noise W t ) with the future order flow. When the relative tick size is large, our framework predicts that Eq. (7) holds only on average. Because the covariance function is a second order statistics, we therefore do not expect Eq. (22) to be true for large tick stocks. In Fig. 4 we test Eq. (22) on our empirical dataset. We observe that Eq. (22) performs relatively well for small tick stocks and relatively badly for large tick stocks, as we have predicted.
In summary then, we conclude that, first, the linear dependence between the price evolution and private and public information in the classical MRR model describes the price dynamics in small tick LOBs accurately, in that it performs very well with respect to linear and moderately well 12 with respect to quadratic price statistics. Second, this statement is true regardless the correlation between the information shocks and the future order flow. Finally, our generalized model for large tick LOBs correctly predicts that the price discreteness is irrelevant regarding linear price statistics, but has a significant influence on quadratic price statistics.
Estimators of the fundamental price for large tick stocks
The question remains if and how the fundamental price can be reconstructed from publicly available LOB data. This section introduces a proxyp t of the fundamental price in large tick LOBs, which we construct (1) is marked as a circle, the cov x (2) are marked as right triangles, the cov x (3) are marked as left triangles, the cov x (4) are marked as squares, and each stock's cov x (5) is marked as a down triangle.
by using the squared volumes at the best:
p t has the following desirable properties: It is easy to calculate and continuous. Its values can lie outside the interval (b t , a t ) as required in our framework. Finally, in a balanced LOB, i.e. when V a (t) = V b (t), it coincides with the mid price. Below we present several additional criteria which motivate our choice of using Eq. (23). To substantiate our choice ofp t , we compare its performance to the alternative proxŷ
which is the simplest linear generalization of the standard volume weighted pricê
Note thatp t cannot lie outside the interval (b t , a t ). By showing thatp t performs better thanp t we can thus substantiate one of the key aspects of our model. We choose to measure the performance ofp t ,p t , andp t by considering: (i) the impact of an imbalance on the price, (ii) the unconditional response function, and (iii) the autocorrelation of returns, which we also investigate by looking at the signature plot of volatility. Our empirical results can be summarized as follows.
First,p t has incorporated to a large extent the information conveyed by the volume imbalance between the ask and bid. To demonstrate this, we calculate the impact of an imbalance onp t for Microsoft, the most liquid large tick stock in our dataset. We use Nasdaq's liquidity rebate of approximately r = 0.3τ . The result is depicted in Fig. 5 . We observe that the impact of imbalances onp t is only ≈ 20% as large as the impact on the mid price x t . We interpret the missing impact as the information which is already included inp t . Thus, p t captures approximately 80% of the information conveyed by the volume imbalance. We also calculate the (23) (region below red solid), on the proxyp t defined in Eq. (24) (region below violet dotted), on the proxyp t defined in Eq. (25) (region below green dash-dotted), and on the mid price x t (region below blue dashed).
impact of an imbalance on the alternative proxiesp t andp t . Whilep t also captures approximately 80% of the information of the imbalance, the proxyp t performs much worse. We interpret this fact as an indication that proxies of the fundamental price which are adjusted for liquidity rebates (i.e. which can lie outside the region spanned by the bid and ask) are significantly more efficient with respect to ι.
Second,p t behaves approximately as the efficient fundamental price in the MRR framework, in that it approximately satisfies Eq. (1). Define the lagged response of a transaction onp t ,
Ifp t was exactly equal to the fundamental price, R (p) ( ) would coincide with R (p) (1) for all ≥ 1. In Fig. 6 we plot R (p) ( ), R (p ) ( ), R (p ) ( ), and R( ). Whereas the standard permanent impact, R(∞), differs by a factor of 2.5 from R(1), we observe that the difference between R (p) (∞) and R (p) (1) is reduced to ≈ 10%. Moreover, the permanent impact onp t is much weaker than the permanent impact on x t . We suggest that this difference is observed becausep t incorporates a large part of the past and future order flow correlations. In fact, ifp is the fundamental price, Eq. (1) predicts
which is, depending on the predictorˆ t , significantly smaller than R(∞) = G. Third, to test for statistical efficiency ofp t , we calculate the correlation function of returns separated by a time lag :
We also consider the correlation functions corrp ( ), corrp ( ), and corr x ( ) which are defined accordingly. Fig. 7 shows that Cp( ) is approximately zero for all . Therefore,p t is virtually statistically unpredictable with linear methods, as required by Eq. (1). Fig. 7 shows also the auto-correlation functions of the returns of the alternative proxiesp t ,p t and the mid price x t . We observe that bothp t andp t suffer from a relatively large positive auto-correlation reflecting our previous observation that the response functions R (p ) and R continue to grow significantly after a transaction (see Fig. 6 ). Table 3 summarizes our findings on the autocorrelations ofp t ,p t ,p t and x t for the large tick stocks. Section 6.2 discusses the causes of the negative auto-correlation function of the mid price returns.
A related method to test the statistical efficiency ofp t is to investigate its signature plot which displays the time-normalized volatility defined as the mean square displacement of lag rescaled by :
The time-normalized volatility of a martingale is independent of , whereas an increasing time-normalized volatility indicates a positive auto-correlation of returns (trend following) and a decreasing time-normalized volatility indicates a negative auto-correlation of returns (mean-reversion). We also calculate the equivalent time-normalized volatilities for the other proxiesp t ,p t , as well as for x t . Fig. 8 shows the signature plot ofp t ,p t ,p t , and x t . We observe again thatp t performs better than the alternative proxies in that its time-normalized volatility depends much less on the time lag. Finally, we remark thatp t coincides, by construction, with the average true fundamental price in our model when a queue depletion is imminent, i.e. when either V b (t) or V a (t) are very close to zero. While we stress that the goal of this paper is not to seek for the best proxy of the fundamental price, we believe that the above analysis demonstrates thatp t , as it is defined in Eq. (23), can serve as a good approximation to the true fundamental price.
Having a proxy of the fundamental price at hand is useful for several reasons. First, it is a natural measure of the future direction of the market, in that the future average mid price is expected to increase if x t <p t and expected to decrease if x t >p t . Thus, while the mid price does not coincide with the fundamental price due to market frictions (here the tick size), it nevertheless converges on average to the latter in the future. Deviations between the mid price and the fundamental price are thus transient, an intuition that we share with Hasbrouck [1991] .
Second,p t allows us to study the covariance between the next trade sign t+1 and the public information W t at t. Because the information process is exogeneous and uncorrelated from the past order flow, this (1) corrp (1) corrp (1) corrx ( covariance captures a genuine innovation of the beliefs shared amongst liquidity takers due to the arrival of new information. The theory of price formation has been hitherto mostly concerned with the reaction of liquidity providers, i.e. quote setters, to new information (for new developments see however [Taranto et al., 2016a,b] ). By using again the trade sign shifted response function, defined in Eq. (21), we have
which allows us to measure the covariance between W t and t+1 by using the proxyp t for p t . Table 4 contains our estimates of E[ t+1 W t ] for all large tick stocks in our dataset. We empirically observe that E[ t+1 W t ] > 0. Thus, positive news trigger on average more orders to buy and negative news trigger on average more orders to sell, in agreement with intuition.
Conclusions
While price discreteness is an inherent property of financial markets, the interplay between liquidity provision, spread dynamics, and information asymmetry has hitherto been often analysed under the assumption of a continuous price scale. We believe that this assumption is unsustainable in the light of the modern functioning of trading platforms: First, liquidity is nowadays mostly provided by high frequency market makers who seek to make a profit from tiny inefficiencies. Assuming that these inefficiencies are necessarily of the order of the LOB price resolution would be a gross mistake. Our paper shows precisely that changes and mismatches in the consensus price can be much smaller than the tick. Second, assuming continuous prices excludes the possibility of analysing the modern market design and its influences on the trading environment. The advantages and disadvantages of certain order priority rules, the influence of latency on the investor's welfare, the profitability of hidden liquidity, are some of the regulatory issues which can be fully addressed only by considering finite tick sizes. This paper has overcome these limitations by developping a consistent model of liquidity provision in large tick LOBs. Its implications are diverse. Our generalization of MRR implies that the traders' consensus defines a fundamental price on scales below the tick size. Changes in the fundamental price are reflected in changes of the volumes in the LOB, which allows us to define a proxy of the fundamental price based on the liquidity at the best. This is in stark contrast to the zero intelligence approach embraced by a different branch of the literature on the subject , Cont et al., 2010 .
Several empirical tests on high frequency data support our model's core results (in particular Eq. (14)), in that the predicted relationship between price impact and trade sign correlations holds accurately far beyond the LOB's price resolution. Whereas the core of our framework is very successful, we are also aware that the performance of the proxyp t defined in Sec. 7 is acceptable but not overwhelming. While the dynamics ofp t are roughly in line with what we expect from the fundamental price, i.e. Eq. (1),p t incorporates ≈ 80% of the information contained in the volume imbalance at the best; this is encouraging but not outstanding.
Other aspects of our paper call for further research, as well. Whereas we are able to link the dynamics of the volume imbalance to the location of the approximate fundamental price, our work does not develop a criteria to determine the absolute level of liquidity in the LOB. The relationship between overall liquidity and the tick size remains an important unsolved problem in applied market microstructure. Second, this paper has ignored MRR's second equation (6) which relates the spread to the response function according to s = 2R(1)/(1 − C (1)). Whereas the implied spread overestimates the realized spread a little, we do not observe a significant difference between small and large tick stocks. This is again very surprising and suggests that the permanent impact of a market order, R(∞) = G, is on large tick LOBs approximately equal to τ /2, irrespective of other properties of the stock, such as its price or volatility. Do liquidity takers only submit market orders if the value of their private information exceeds the trading costs? Why do order flow correlations and the response function conspire in such a way that Eq. (6) is approximately satisfied, even on large tick stocks? We must leave these questions unanswered here. This paper postulates the existence of a fundamental price which is by construction totally unpredictable. Is this consensus price generated by a crowd of equally rational agents? This does not seem the case. By zooming into the instant when a queue depletes and the price changes, one finds that in some cases (approximately 25%) the depleted queue is immediately refilled: Liquidity providers do not always agree whether a mid price change is acceptable, and the diverging opinions create significant fluctuations. How this variety of perceptions merge eventually into a consensus we cannot tell; we do not derive our model from first principles. But as a phenomenological model it can improve our understanding of financial markets. Table 5 : Summary statistics of the pool of 100 small, medium and large tick stocks traded on Nasdaq during 2015. The stocks are ordered with ascending price. Averages are calculated in transaction time by using the prevailing quotes at market order arrivals.
